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Abstract. Strongly-cyclic branched coverings of knots are stud- 
ied by using their {g, l)-decompositions. Necessary and sufficient 
conditions for the existence and uniqueness of such coverings are 
obtained. It is also shown that their fundamental groups admit 
geometric g- words cyclic presentations. 

1. Introduction 

A {g, l)-decomposition of a knot in a closed orientable 3-manifold 
is a genus g Heegaard splitting of the manifold, such that the knot 
is trivially split in two arcs by the Heegard surface (a more detailed 
definition will be given in Section 2). Any knot i^' in a 3-manifold N 
admits a {g, l)-decomposition, for a certain g > h{N), where h{N) is 
the Heegaard genus of N. In the following a knot admitting a {g, 1)- 
decomposition will be called a {g, l)-knot. The particular case of (1, 1)- 
knots has recently been investigated in several papers from different 
points of view (see references in [3]). 

In this paper we study strongly-cyclic branched coverings of 
knots, by using topological and algebraic properties of their {g, 1)- 
decompositions. Some of the obtained results naturally generalize re- 
sults from [2^ and [7J concerning (1, l)-knots. 

In Section 2, we prove a representation theorem of {g, l)-knots in 
terms of Heegaard diagrams and obtain a presentation for the fun- 
damental group of the knot complement. In Section 3, we consider 
strongly-cyclic branched coverings of knots and give conditions for their 

1991 Mathematics Subject Classification. Primary 57M12, 57M25; Secondary 
20F05, 57M05, 20F10. 

Key words and phrases, {g, l)-knots, {g, l)-decompositions, cyclic branched cov- 
erings, presentations of groups, Heegaard splittings, Heegaard diagrams. 

Work performed under the auspices of G.N.S.A.G.A. of C.N.R. of Italy and 
supported by M.U.R.S.T., by the University of Bologna, funds for selected research 
topics, and by the Russian Foundation for the Basic Researches. The third named 
author was supported by the INTAS project "CalcoMet-GT' 03-51-3663 and by 
RFRB. 



2 



CRISTOFORI, MULAZZANI, AND VESNIN 



existence and uniqueness, using {g, l)-decompositions. As a relevant 
example we consider, in Section 4, the case of generalized periodic 
Takahashi manifolds. Section 5 is devoted to fundamental groups of 
strongly-cyclic branched coverings of knots. These groups admit geo- 
metric ^f-word cyclic presentations, a straightforward generalization of 
cyclic presentations of groups. Furthermore, we describe an algorithm 
to obtain such a presentation, starting from the group of the knot com- 
plement. 

For the theory of Heegaard splittings of 3-manifolds we refer to [H] . 

2. (^f, l)-DECOMPOSITIONS OF KNOTS 

The notion of {g, 6)-decomposition of a link L in a closed orientable 3- 
manifold has been introduced in as a generalization of the classical 
bridge (or plat) decomposition of links in S^. 

A non-empty set {ai, . . . , ab} of mutually disjoint arcs properly em- 
bedded in a genus g handlebody Hg is called trivial if there exist b mu- 
tually disjoint discs Di, . . . , Db C Hg such that aiHDi = Oj fl dDi = ai, 
ai n = and dDi — ai C &Hg for all z, j = 1, . . . , 6 and i ^ j. 

Let Tig and Ti'g be the two handlebodies of a genus g Heegaard split- 
ting of a closed orientable 3-manifold and let Sg = dTig = dTC'g. A 
link L C A^ is said to be in b-bridge position with respect to Sg if: (i) 
L intersects Sg transversally and (ii) L fl Hg and L fl TC'g are both sets 
of b mutually disjoint properly embedded trivial arcs. This splitting is 
called a {g,b)- decomposition of L. 

Equivalently, a {g, 6)-decomposition of L can be obtained by 
taking two genus g handlebodies T-Cg,TC'g, two trivial sets of arcs 
Ab C Hg, A'f^ C Hg and an attaching homeomorphism ip : {dH'g, dA'f^) — > 
{dTCg, dAb) such that 

{N,L)^{ng,Ab) {n'g,A',). 

Note that a (0, 6) -decomposition is the classical bridge decomposition 
for links in a 3-sphere. 

A link L is called a {g, b)-link if it admits a [g, 6)-decomposition. Of 
course, a [g, l)-link is a knot, for every g > 0, and a (0, l)-knot is a 
trivial knot in S'^. Obviously, a {g,b)-\ink is also a (^f', 5')-link for any 
g' > g and b' > b. 

In the following we shall restrict our attention to {g, l)-knots. A 
{g, l)-decomposition of a knot is represented in Figure ^ 

A knot A' C A^ is called a {g, 0)-knot if it can be embedded in a genus 
g Heegaard surface of A^. It is easy to see that a {g, 0)-knot is also a 
{g, l)-knot (just push an arc of K into a handlebody of the splitting and 
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Figure 1. A (^f, l)-decomposition 



the remaining part of the knot into the other handlebody). Moreover, 
when 6 > 0, a {g, 6)-knot is also a {g + l,b — l)-knot. 

Remark 1. Let i^' be a knot in a 3-manifold of Heegaard genus 
h. It is easy to see that, for any integer b > 0, there exists an integer 
g > h such that is a {g, 6)-knot in A^. Analogously, for any integer 
g > h there exists an integer 6 > such that A^ is a {g, 5)-knot in A^. 

The following presentation theorem shows that a {g, l)-knot can be 
described by the images of a certain set of meridian curves. 

Theorem 1. Let K d N he a knot with a {g,l)- decomposition 
{N, K) = (Hg, A) (H'g, A'). Then: 

(i) the knot K is completely determined, up to equivalence^ , by 

where (3[ = dE[, ...,/?; = dE'^, and 
E[, . . . ,Eg is a complete system of meridian disks of Ti.'g not 
intersecting A' ; 

(ii) if {N,K) = {Hg,A) {H'g,A') is a {g , 1) -decomposition of a 
knot K such that <^(/3j) is isotopic to (p{Pj) in dHg — dA, for 
j = 1, . . . , g, then K is equivalent to K; 

(iii) if A" C drtg IS an arc such that dA' = dA and A" n y^{l3j) = 
for j = 1, . . . , g, then A U A" is a {g, l)-knot equivalent to K. 

Proof, (i) It follows from the fact that two properly embedded trivial 
arcs in a ball B, with the same endpoints, are isotopic rel OB. State- 
ments (ii) and (iii) are straightforward. □ 

Now we find a presentation for the fundamental group of {g, l)-knots 
complements. 

Let A' be a knot in a manifold A^ with a ((7, l)-decomposition 
(AT, K) = (Hg, A) (H'g, A'). Moreover, let r:{ng,A)^ {H'g, A') be 
a fixed homeomorphism. 

Consider the loops ai, . . . , a^, . . . , 7 in dTCg, as depicted in 
Figure El Fix a base point * on the curve 7 and, for each i = 1, . . . , g, 

^Two knots K C N and K' C N' are considered equivalent if there exists a 
homeomorphism (f> : N N' such that (j>{K) — K' . 



4 



CRISTOFORI, MULAZZANI, AND VESNIN 




Figure 2. 

define the loops = • • and Pi = rji- (3i- r]^^, where and rji are 
paths connecting * to ctj and respectively. Obviously, the cycles a, 
and Pi are homologous to a, and /Sj, respectively, for each i = 1, . . . , g. 
Moreover, we set a'- = T{di), j3[ = T{j3i), for i = 1, ...,(?, 7' = r(7) and 
*' = t{*). Then *' = up to isotopy. The homotopy classes of 

q;i, . . . , cig, Pi, . . . ,/3g and 7 generate -Ki{d7ig—dA, *) and the homotopy 
classes of a'^, . . . , a^, . . . , and 7' generate 7ri{d'H'g — dA' , *'). In 
order to simplify the notation, in the following we use the same symbol 
for loops (resp. for cycles) and for corresponding homotopy classes 
(resp. homology classes). 

Proposition 2. The fundamental group of the complement of a knot 
K G N, with {g, 1) -decomposition {N, K) = (Tig, A) (Ti'g, A') admits 
the presentation 

(1) ni{N - K,*) = {ai,...,ag,-f\ri{ai,...,ag,-f), i = l,...,g), 

where ri(Q;i, . . . , a^, 7) = i#(p^{Pl), being ip^ and the homo- 
morphisms of fundamental groups induced by the attaching home- 
omorphism 99 : {dH'gjdA') {dTi.g,dA) and the inclusion 

i : {dTigjdA) {Tig, A), respectively. 

Proof We have iTi{Hg - A,*) = {ai, . . . ,dg, . . , Pg,j \Pi,...,Pg) 
and Tiiin'g - A', *') = {d[, ...,d'g,P[,...J'^,j'\P[,...,P'g). Applying 
the Seifert-van Kampen theorem to the {g, l)-decomposition of K, we 
get 

TTi{N - K,*) = {di,...,dy,Pi,..., f3g, 7, d[,...,d'y,f3[,..., (3'^, 7' | 

A, Pi: ^{a'i)ar\ ^{P[)P'-\ i = l.....g) 

= {di,...,dg,pi,...,pg,-i\pi,^{p[), i = l,...,g) 
= («!,..., ttg, 7 I ri{di, . . . , ttg, 7), i = l,...,g), 

where ri(ai, . . . , dg, 7) is obtained by erasing all /9j's terms from (p{J3'i). 
Since Tri{d7ig — dA, *) = {di, . . . , dg, . . . , /9g, 7 | 0), the statement is 
proved. □ 
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As a consequence of the above proposition we have the following: 

Corollary 3. The first homology group of N — K admits the following 
presentation: 

(2) Hi{N-K) = (ai, . . . ,ag,7 I aiiai + . . . + aigag + ba, i = l,...,g) 

where, for each i, j = 1, . . . , g , aij (resp. hi) is the exponent sum of aj 
(resp. 'j) in the word Vi of the presentation (Q). 

3. StRONGLY-CYCLIC branched COVERINGS OF KNOTS 

Let C be a knot in a 3-manifold and n > 1. Then an n-fold 
cyclic covering f : M ^ N branched over K is called strongly-cyclic if 
the branching index of K is n. This means that the fiber f~^{x) of each 
point X & K contains a single point. In this case the homology class of 
a meridian loop n around K is mapped by the associated monodromy 
ojf : Hi{N — K) Z„ to a generator of the cyclic group Z„, and up to 
equivalence we can always suppose = 1. We recall that two n-fold 

cyclic coverings /' : M' N and /" : M" — > A^, branched over K G N, 
with monodromies ujf and ujf" respectively, are equivalent if and only 
if there exists u G Z„, with gcd{u,n) = 1, such that ujf = uuf, 
where uujfi is the multiplication of Ufr by u. For knots in S^, strongly- 
cyclic branched coverings and cyclic branched coverings are equivalent 
notions. The same property occurs in the general case when n is prime. 

Now we discuss strongly-cyclic branched coverings of knots via their 
{g, l)-decompositions. In particular, we give existence conditions and 
compute their number, up to equivalence. 

Let K he a knot in a 3-manifold A^, and let 

(3) H^{N) = Z'^®Zt,®Zt,®---®Zt^, 

with < d and 1 < ti | ^2 | ■ ■ ■ | ^s, be the canonical decomposition of 
the first integer homology group of A^. 

Let us fix a {g, l)-decomposition for K. Referring to presentation 
(2), let H G M.g{'L) be the matrix with coefficients hij = a^j and 
H' eM g,g+i{'^) the augmented matrix with coefficients h[j = a^j, for 
i, j = 1, . . . , g and /i-^ = bi for j = g + 1 and i = 1, . . . , g. Let ei, . . . , 
(resp. e'l, . . . ,e'j,,) be the invariant factors of H (resp. H'). Moreover, 
set Cr+i = . . . = Cg = and e[.,_^_^ = . . . = e'g = 0. 

Observe that if is a matrix presentation for Hi{N). Therefore s < r 
and we have: d = g — r, Ci = 1, for 1 < i < r — s, and Cj = tij^s-n for 
r — s < i < r. Moreover, Hi{N) is finite if and only if detH ^ 0. In 
this case i^Hi{N) = \ det H\. 

With the above notations, we have the following result. 
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Theorem 4. Let K be a {g, l)-knot in a 3-manifold N with first homol- 
ogy group given by (0)- Then K admits n-fold strongly- cyclic branched 
coverings if and only z/gcd(ej, n) = gcd(e-, n), for each i = 1, . . . , g . In 
this case the number of non- equivalent n-fold strongly- cyclic branched 
coverings of K is C^^n = n'^ gcd{ti,n) gcd{t2^n) ■ ■ ■ gcditg^n) , which 
does not depend on K . 

Proof. Since we suppose (-1^/(7) = 1, an n-fold strongly-cyclic branched 
covering of K is determined by a solution of the linear system (in 
Z,„) ifx = — b, and different solutions define non-equivalent coverings. 
So the result comes from pp, where systems of linear congruences are 
investigated. □ 



As a consequence, we state a uniqueness result. 

Corollary 5. A knot K in a 3-manifold N admits a unique n-fold 
strongly-cyclic branched covering, up to equivalence, if and only if 
Hi{N) is finite and gcd(#i/i(iV), n) = 1. 

Proof. Let H be the matrix associated to a {g, l)-decomposition of 
K, according to the previous notations. If Hi{N) is finite and 
gcd{^Hi{N) , n) = 1, then H admits inverse in Z„, since in this case 
|detif| = i^Hi{N) 7^ 0. Therefore, x = —H^h defines the unique 
ra-fold strongly-cyclic branched covering of K. On the other hand, 
if K admits a unique n-fold strongly-cyclic branched covering, then 
gcd(ei, n) = 1 ioY i = 1, . . . , g. Therefore Cj 7^ 0, for each i = 1, . . . , g. 
As a consequence, | detH\ = 6162 ■ ■ - Cg 7^ and gcd(| detiJ|,n) = 1. 
Since in this case ^Hi{N) = \ detH\, the statement is proved. □ 

The previous corollary holds, for any n, for knots in homology spheres 
(possibly S'^), since in this case the first homology group is trivial. 

Examples. We denote by Mk the connected sum of k copies of x S^, 
then Hi{Mk) = 

• The trivial knot T in Mg is a {g, l)-knot defined by = Pi, 
for each i = 1, . . . , g. So H and H' are both null matrices, 
and T admits exactly n^ non-equivalent n-fold strongly-cyclic 
branched coverings, each of them yielding M„g. 

• The "core" knot C in Mg is defined by v^(/3J) = 7, and v^(/5j') = 
Pi, for each i = 2, . . . , g. In this case H is the null matrix but 
H' has e[ = 1, and therefore C admits no n-fold strongly-cyclic 
branched covering, for any n > 1. 
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4. The case of generalized periodic Takahashi manifolds 

Generalized periodic Takahashi manifolds were constructed in [S] 
by Dehn surgery on a n-periodic 2mn-component link, as illustrated 
in FigureEl and denoted by T„,m(pi/gi, . . . ,^^7^^; ri/si, . . . , r^/sm), 
with m,n > 0, pi,qi,ri,Si G Z, gcd{pi,qi) = gcd(rj,Sj) = 1, for each 
i = 1, . . . ,m. For m = 1, we obtain the periodic Takahashi manifolds 
Tn{p/q,r / s) introduced in p. 




Figure 3. T„,„(pi/gi, . . . ri/si, . . . , r^/s^) 



In |H] it is proved that generalized periodic Takahashi manifolds are 
strongly-cyclic branched coverings of certain knots in connected sums 
of lens spaces. That result is improved by the following. 

Proposition 6. For each n > 1, the generalized periodic Taka- 
hashi manifold Tn,m{pi/qi, ■ ■ ■ ,Pm/qm;ri/si, . . . ,rm/sm) is an n-fold 
strongly-cyclic branched covering of a {2m, 0) -knot (and therefore of 
a (2m, l)-knot). 

Proof By Theorem 8], Tn,m{pi/qi, ■ ■ ■ ,Pm/qm;ri/si, . . . ,rm/sm) is 
an n-fold strongly-cyclic covering of the connected sum of lens spaces 

= L(pi,gi)#L(ri,si)#- ■ ■#L(p^,g^)#L(r^,s„), obtained by ra- 
tional surgery on a 2m-component trivial link L, branched over a knot 

C A^, as shown in Figure |3] 

Take 2m — 1 "vertical" arcs <Ji,--- ,a2m-i consecutively connect- 
ing the components of L and consider a regular neighborhood Ti of 
L U cTi U ■ ■ ■ U <72m-i- It is easy to see that dTC is a genus 2m Heegaard 
surface of N, and K can be embedded on it, as depicted in Figure El 
Therefore K is (2m, 0)-knot and hence, as we already noted, a (2m, 1)- 
knot. □ 
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C 



K 



Figure 4. 



Now we explicitly give Heegaard diagrams of periodic Takahashi 
manifolds T^ip/ q,r / s), for p/q,r / s > (possibly equal to +oo = 1/0). 
The cases p/q < and/or r/s < can be obtained in a similar way. 

In Figure El an arc labelled k denotes k parallel arcs. Furthermore, 
each diagram in the figure admits a cyclic symmetry of order n; for i = 
1, . . . , n, we identify Ci (resp. Di) with C- (resp. D'^ by gluing together 
the first vertices of the marked ones, according to the orientations. 

Proposition 7. The periodic Takahashi manifold Tn{p/q,r/s), for 
p/q, r/s > (possibly equal to +oo = 1/0), has Heegaard diagram 
as presented in Figure\^ 

Proof. Without loss of generality, we can assume that p,q,r,s > 0. 
Let 7^2 be a genus two handlebody canonically embedded in M^, as 
in Figure [71 which arises from Figure El for m = 1. Let us consider 
the Heegaard diagram of genus two of iV = L{p,q)^L{r, s) obtained 
by cutting the genus two surface dTC2 along the curves ai and a2 and 
gluing them back after a twist of r/s and p/q turns, respectively, when 
s,q 0. After this operation, the s (resp. q) "parallel" thin curves 
in dTi.2 become the curve (p{l3[) (resp. (p{P'2)) of Theorem HI The arcs 
A" C (97^2 and A C H2 (depicted in the figure by dashed lines) defines 
a knot A U A" which is exactly the knot K of Proposition [HI for m = 1. 
If s = (resp. q = 0) the curve (resp. </'(/32)) is «i (resp. a2)- 

By cutting H2 along Pi and P2 we obtain an open Heegaard dia- 
gram of genus two of A^. From Corollary 121 we have Hi{N — K) = 
{ai, a2, 7 I p(y2, rai). So we have Zi = ujf{ai) = and Z2 = ujf{a2) = 
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Figure 5. 



for each n > 1. By performing the ra-fold strongly-cychc covering deter- 
mined by this monodromy, we obtain the Heegaard diagrams of Figure 
El □ 
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p>q , r<s P<q , '■>s 

Figure 6. Heegaard diagrams for Tn{p/q,r/s) 
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Figure 7. 

5. Fundamental groups of strongly-gyglic branched 

coverings 

It is shown in ^ that strongly-cychc branched coverings of (1, 1)- 
knots admit geometric (i.e. induced by Heegaard diagrams) cychc pre- 
sentations. In order to obtain a similar result for any knot, we give the 
following definition. 

Definition. A balanced mn-generator presentation of a group {X \ R) 
with generator set X = {xij \ l<i<m,l<j<n} and re- 
lator set R = {vij \ l<i<m,l<j<n} is said to be an m-word 
cyclic presentation if there exist m words Wi, . . . , Wm in the free group 
Fmn generated by X, such that the defining relations are of the form 
rjj = 9^^~^{wi), with j = l,...,n, for each i = l,...,m, where 
On '■ Fmn — ^ -^mn is the automorphism defined by 9n{xij) = Xij+i (with 
second subscript mod n), for each j = 1, . . . ,n and i = 1, . . . ,m. 

We denote this group by G„(wi, . . . ,Wm)- For m = 1 we have the 
classical case of cyclically presented group (see i6]). 

There is a strict connection between strongly-cyclic branched cover- 
ings of {g, l)-knots and ^f-word cyclic presentations, as stated by the 
following: 

Theorem 8. Every n-fold strongly- cyclic branched covering M of a 
{g, l)-knot K G N admits a Heegard splitting of genus gn with cyclic 
symmetry of order n, which induces a g-word cyclic presentation for 
the fundamental group of M. 

Proof. Since K is a {g, l)-knot in A^, we have (A^, K) = (Hg, A) U<^ 
{T-C'g,A'), where cp : {dH'g,dA') {dHg,dA) is an attaching homeo- 
morphism. Let / : {M, f~^{K)) {N,K) be an n-fold strongly-cyclic 



12 



CRISTOFORI, MULAZZANI, AND VESNIN 



branched covering of K. Then Tign = f^^iTig) and = f^^iTi-'g) 
are both handlebodies of genus gn. Moreover, f^^{A) and f^^{A') are 
both properly embedded arcs in Hgn and Hg^ respectively. Thus, we 
get a genus gn Heegaard splitting {M, f~^{K)) = {Hgn, f~^{A)) U$ 
[H'gn, f~^{A')), where $ : dU'g^ dHgn is the lift of if with respect to 
/. The group TiiiHg, *) is generated by the set {di, ... ,ag} (see the 
notations introduced before Proposition 12)). Let Uf he the monodromy 
associated to the covering /, we can suppose that oufi^j) = 1. More- 
over, we can assume that ujf{ai) = for each i = 1, . . . , g. In fact, if 
ujf{ai) = ki we replace a, with a loop homotopic to aj7~^\ Taking a 
point Q & A, let S be an arc from * to Q such that 6 (1 A = Q. Then 
f^^iQ) is a single point Q G f^^{A) and /~^(*) consists of n points 
For j = 1, . . . , n and z = 1, . . . , let aj-,- and 5j be the lifts 
(with respect to /) of cxi and 5 respectively, both containing *j. Then, 
for each i = 1, . . . ,g, the n loops 

ttjl = ■ Oil ■ . . . , ain = ■ OLin " 5„ 

are cyclically permutated by a generator \E' of the group of covering 
transformations and the set {aij |l<i<5',l<j<'n.} generates 
T^ii'Hgn, Q)- Let {E[, . . . , E'g] be a complete system of meridian disks 
for H'g such that E[ n A' = 0, for each i = l,...,g. Then /"^^O con- 
sists of n disks E[^, . . . , E[,^, which are cyclically permutated by ^ , for 
each i = 1, . . . , g, and f~^{E[ U ■ ■ ■ U Eg) is a complete system of merid- 
ian disks for the handlebody H'gn- The curves ^{dE[^), . . . , ^{dE'g^) 
give the relators for the presentation of vri(M, Q) induced by the Hee- 
gaard splitting. Since, for each i = 1, . . . , g, the generators an, . . . , am 
and the relator curves dE^^, . . . , dE^^ are cychcally permutated by \E', 
each dE'^j corresponds to a cyclic permutation of the generators in the 
word Wi. □ 

Now we describe an algorithm to obtain a presentation of the fun- 
damental group of a strongly-cyclic branched covering of a {g, l)-knot. 

Let ujf he the monodromy of an n-fold strongly-cyclic branched 
covering of a {g, l)-knot i^' in a 3-manifold and let us con- 
sider the presentation of the knot group obtained in Proposi- 
tion 121 Following the proof of Theorem |H1 we choose, for each 
i = l,...,g, a new generator Sj = ai'y~'^f^°'^^ and we get 
7ri(A^ - K,*) = (Si, . . . ,ag,7 I fi(ai, . . . ,ag,7), i = l,...,g), with 
f,(ai, . . . , Sg, 7) = ri(ai7'^/('^i), . . . , ag-f'^f^''<>\-f). 
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Suppose now that, for each i = 1, . . . , g, we have 

r,(ai, . . . , Sg, 7) = c^'Y'^nc^^^v.,^ . . . S5;;i'»7^-^. 

where eij^ 7^ for each / = 1, . . . , Aj and ji, . . . ,jx^ are not necessary 
distinct. 

Then we have the following: 

Proposition 9. The fundamental group of the n-fold strongly- cyclic 
branched covering of a {g, l)-knot K , with monodromy uof, admits the 
g-word cyclic presentation . . . , Wg), where, for each i = 1, . . . , g , 

with kii = l + Y!h=i Vijh "^od n, fori = 2,...,Xi. 

Proof. Let M be the n-fold strongly-cyclic branched covering of K 
determined by uj. From the proof of Theorem |H1 the fundamental 
group of M admits the set of generators {ctjj \ l<i<g,l<j<n}, 
where an, ... , ain are the components of the lifting of The relators 
are (homotopic to) ^{dE[^), . . . , where $ is the lifting of ip 

with respect to /, and each dE[- is a component of the lifting of a 
meridian disc E[ of Ti'g such that E'^ n A' = 0. For each i = 1, . . . ,g, 
we can choose E'^ such that dE^ = r^Pi), and therefore the relators 
are (homotopic to) the components of the lifting of rj(ai, . . . ,ag,7), 
or equivalently fj(Q?i, . . . , 5?^, 7) (i = 1, . . . ,g), which arise from the 
relations f3[ = (p{Pl). Now, since ujf{'y) = 1, a factor 7^ lifts to a path 
connecting the point of f~^{*) in the sheet j with the corresponding 
point in the sheet j + k (mod n). The result immediately follows. □ 

Example. Let us consider the (2, l)-knot K = AU A" oi Figure [71 
with q = s = 1. In this case K G N = L{p, l)#L(r, 1), and 

TTi{N - K) = (Q;i,a;2,7 | a;2ar''7"2'S~\ tti7tt2'^rS""^)- 

By applying Proposition IHl with ujf{ai) = ^^f{a2) = 0, we 
get 7ri(T„(p/l,r/l)) = Gniwi,W2), where wi = X2,iXi^^X2^ and 
W2 = x\^\x\2Xx\, which is exactly the group presentation obtained in 
i- 
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